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The problem of stablllzatlon.of steady-state motions of a nonlinear control 
system In the crStlca1 case of a pair of pure Imaginary roots, Is considered 
In this paper. Nonanalytlcal control devices and Llapunov functions of a 
special kind are used. Methods of solution of the problem based on thetheory 
of the stability of motion (1 to 'r] and on methods developed ln [5 to 71 are 
considered. An example 1s studied. 

1. Statement o1T the problem and auxiliary tr8nmf'omation, Let us con- 

alder the equatlons of the perturbed motion of a controlled object 

dx/dt = Ax + Bu + g (x, u) (z E (fin), u E CP}) (14 
where x 1s the n-dlmenslonal vector of the pert,urbatial; u 1s the m-dlmen- 

slonal vector of the control; 4(x, v) are the terms in x and u of order 

higher than the first; A , B are constant matrices of correepondlng orders. 

We sha31 aesume'that the control u is not affected by disturbancee and 

doea not consist of small terms of order higher thanthe order of x . We 

shall assume flrthermore that all the.corfflclents of Equations (1.1) are 

real, and that O(r, u) Is analytical with respect to x and u. 

Let us assume that for u - 0 the unperturbed ?otlon x w 0 of the sge- 

tern (1.1) 1s not Bsymptotically stable. It la neceesary to design a stabi- 

lizing control (controller) u = u(x) such, that the unperturbed motion x-0 

of the system (1.1) with this control becomes asymptotically stable fn the 

sense of Llapunov, 

Let us assume Vie have the critical case of a pair of pure Imaginary roote 

c71. Then, as shown in (3 and 73, the eystem (1.1) can be brought Into the 
following form by a nondegenerated transformation of the variables: 
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Here 5 and n are scalars, 0 is a (n - 2)-dimensional vector, A~ is 

a (II - 2) x (72 - 2)-matrix, Bc is a (n - 2) x m-matrix, a and B are 

(n - 2)-vectors, X, Y, Z are the terms in c, q, V, U, of order higher 

than the first and the control ~(73, 5, n) Is supposed to be nonanalytical. 

satisfies the condition of stabllZzability [73 and that, consequently, one 

can design for it a controller or the form 

uo (4 = Pv (2.2) 
where P is some m x (n - 2)-matrix. 

For brevity let us Introduce the following notation: 

(2.3) 

We shall seek for the system (1.2) a controller of the form 

ni(27, ES rl) = W+)-+- I$j 5 aS&y%~?k%*Prl*p 
p, q=o s-+-k==1 

(2.4) 

Fromhex-e on, we shall assume s>O and k>o. 

If the coefficients in the series (2.4) are constrained by the condition 

&Ikllq = ~sopt 
j =O (i-i, . . ..m) 

(2.5) 

we obtain a continuous eontroller. For p=g=O, this yields an analyti- 

cal controller. 

We shall bring the control (2.4) Into the system (1.2) and we shall try 

to transform it In such a manner that the problem of the stability of the 

entire system could be solved by considering some simplified Bystem of the 

eeconci order, corresponds to a pair of pure imagXnary roots. We shall 

choose the undetertined coefficients of the control (2.4) on the basis of 

the crlterla of stability of the simplified system, the cronstruction of which 

we shall consider now. 

In agreement with the method of Uapunov [l to 33 we shall consider the 

system of partial differential equations 

~~~-?Vnrl+xc%, ri* z,u)l+~Ih%+r(%,~~~z,u)l- 

=.&z+&S +a%+ br2CZ(%, 97 2, @II 12.6) 

Here, I Is a (n - 2)-vector, and tl = u(.z, 5, n) in agreement withf2.2), 

(2.4). AccordSng to Uapunovrs theorem [I and 31, there exists only one 

solution for the system (2.6) in the snalytical case when P = CI = 0 . 
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Using the nonanalytical control (2.4), we shall search for a solution of 

the system (2.6) In the form of series 

Zi = i ,“1 Cs,i,,E"?jk~ ‘Tj ’ 
p, q=o &=I 

(i=l, . . ..n-2) (2.7) * * 

with the undetermined coefficients C&qr choosing the latter such that 

Equation (2.6) Is satisfied identically In 5, n, 5+, n,, . 

We shall substitute (2.7) Into (2.6) and gather the components which 

Include factors of 5+, n+ . Then Equation (2.6) Is broken Into four rela- 

tions corresponding to the combinations of the Indices 

(p, q) = (0, O), (0, j), (19 019 (17 1) (2.8) 

whereupon the coefficients cApi7 which should be determlned,are distributed 

in theee four relations In such a manner that they can be determined In 

succession. 

Thus, In the general case there Is only one solution of the system (2.6) 

which can be represented over the complete range of variation of the varla- 

bles by the single relation (2.7). We shall point out, that on the basis of 

the definition of the function x+- sign x (2.3), the vector-function x(5,9) 

Is differentiable any number of times everywhere, except on the surfaces 

5-O and q-0. 

Substituting the control u(?J, 5, n) (2';4) Into Equation (1.2) and replac- 

ing the vector b by the vector E (2.7) In the obtained relation, we get 

the second order system 

p, q=o s+k=z 

(2.9) 

p,q=os+k=z 

The system (2.9) Is obtained from the system (1.2) by means of the Llapu- 

nov transformation 
Vi = 205 + Zi (i=l, . . . . n-2) (2.10) 

leaving aside all equations corresponding to noncritical roots and writing 

wi z 0 In the remaining. In the sequel, we shall confine ourselves to 

those controls (2.4) for which the transformation (2.10) Is continuous. 

Dlscontlnultles may occur on the surfaces 5 - 0, (1 - 0 In the right-hand 

sides of the transformed system. However we can verify the validity of the 

principle of reduction [3] (pp.373-382) also ln the above case, so that the 

solution of the stability problem of the system (1.2) can be found from a 

study of the system (2.9). 

N 0 t e 2.1 . Let us formulate the principle of reduction for this 
Substituting Into (1.2) the control u(u, 5. n) ln agreement with 

fi$$ywe get the system 

(2.11) 
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(2.12) 

Let us leave Equations (2.12) aside and let u -0 In Equations (2.11). 
Then, we get the slmpllfled system of seconQ order 

dk 
& =-h'l+XU(<,%o) 

dr) - 
dt = U + Y,(jP SO) (2.13) 

Let us assume that In the expansions of X,(& nl LJ), Y, (E, II, v) 4 IS the 
lowest order of the terms which are functions of v1 (t - I,..., n - 2) and 
that the lowest order with respect to u, of these terms Is r\c Q. 

Theorem . We shall assume that the stability, asymptotic stability 
or lnstablllty of the unperturbed motion c I n - 0 of the system (2.13) Is 
Independent of the terms of order higher than N . Then, If the expansion 
of the vector 
where 

A(?, 7, 0) begins with terms of order not lower than P , 

N+i--g+2r 
p>---~~-- 

r 
(2.14) 

then the unperturbed motion 
(2.12) Is correspondingly staile,' = 

u,- 0 for the total system (2.11), 
asymptotically stable or unstable. 

The proof of this theorem Is basically the same as that given for analyti- 
cal systems In Malkln's book [3]. 

If the solution (2.7) of the partial differential equation (2.6) is con- 
tinuous in the terms of order s -I- k<p - 1, then the condition (2.14) can 
be replaced by a weaker condition [3] (p.386) for which 

P’>, 
N+i--_g+r 

r (2.15) 

In order to transform the system (2.11), (2.12) Into a system satisfying 
the conditions of the theorem, and by the same token construction the slmpll- 
fled system (2.9), It Is necessary to compute the continuous functions z, 
(2.7) up to their terms of order p - 2 and check the exl;ie;;;ho; iE;u;;;-, 
tlnuoua solution of (2.6) In the terms of order p - 1 . 
does not exist, then one must try to eliminate the terms of order P - 1 in 
the expansion of the vector Z.(s, n, 0) by a proper choice of the controls. 

Note 2.2. It Is sometimes expedient to utilize the continuous con- 
troller 

%h$rlkC1 (i=i,...,m) (2.16) 
I=--00 s+k+r=l 

which contains the nonanalytical function (") 

5= dPP+ VP (P, r>O) (2.17) 

Then the Llapunov transformation (2.10) Is continuous, and this eliminates 
the complications, connected with the possible appearance of discontinultles 
In (2.10) when the controller (2.4) Is used. 

3. oholoo of thm Liapuaov iMotlonr . In the lnvestlgatlon of the stabl- 
llty of motion of the system (2.9) with a nonanalytical right-hand side It ls 
useful to consider nonanalytical Llapunov functions. The condition 

'pk (=, p.y) = Iv ik(Pk b? ?d (Iv\ = /pj # 0; Ii = 1, 2, . ..) (3.1) 

separates those functions for which checking the sign definiteness does not 
become more complicated than by using the methods lolown for analytical func- 
tlons. The functions (3.1) are even, continuous and monotonous along any 
path starting from the origin of the coordinates; they satisfy the condition 
'Pr(0, 0) - 0 # kelp their sign In all the points of the straight lines 

*) This was pointed out to the author by N.N. Krasovskll. 
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and are quantities of the kth order with respect to the first order varla- 
bles x and I/ . 

The functions mr(x, V) are sign definite if and only If Equations 

‘Pk (P, i) = Of ‘pk tit P) = o (3.3) 

do not have any roots p >O. 
perties of the functions (3.1) 

This could be proved on the basis of the pro- 
pointed out above. 

It Is expedient to construct a Liapunov function in the form (2.7) . The 
terivatlve dV/dt will also have the same form. When the sign-definiteness 
must be verified, we shall take those functions of the class 72.7) which 
satisfy the condition (3.1). All such functions can be expressed in the form 

$k (x3 Y) = 2 ,$ bdi (?&)j (k=i,2,...) (3.4) 
i+j=k 

4, First method of solution. We shall assume that the construction Is 

done In such a manner (see the example) that the Liapunov transformation 

(2.10) Is continuous. If at some stage any choice of a nonanalytical control 

from (2.4) leads to discontinuous transformations (2.10), then one must take 

analytical controls at that stage and the previous ones (when necessary), 

(see example). We write Equations (2.9) in the form 

dE/dt - --hrl f X,(& 11) +X& rl) + . -. 
Wdt = G + Y, (E, 11) + YP 6 rl) + . . - (4-O 

where X*, Y, represents the ensemble of the terms of kth order in Equations 

(2.9). We try to construct a Llapunov function satisfying the conditions of 

the asymptotic stability theorem In the form 

v = 5a + q2 + v, (E, rl) + v, (E, rl) + * - l (4.2) 
where V,(t, q) Is a continuous function of the kth order of the class (2.7) 

(k > 3) 

(k = 3, 4, . . .) 

(4.3) 

(4.4) 
The total derivative dV/dt , 

In the form 
on the basis of Equations (4.1), Is obtained 

dv 
,,=fsm)+f4m)+* * ’ (4.5) 

(4.6) 

Fk(EP q) = 2’&xk_1 -f2qyk-,+ 2 
i+j=k+l 

(2xj + 2 Yj) (4.7) 

(k>3; i>3; x#)=Yo=x~=Y1=0) 

The function F (S, n) depends on the functions V,,..., V,_l and can be 
computed from (4.7), If these functions are known. Let us consider the 
ensemble of the terms of third order in (4.5) 

fs (49 rl) = h (E gy - q a+) -t XX1 + 2wa (4.8) 
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We shall require that for these terms the condition 

f3 (E, rl) = -$3 (6, tl) (4.9) 

be fulfilled, where 
instance one can take 

f3(Tf n) Is positive-definite function from (3.4). For 

tps (ES rl) = rsoSESE, f roZ@l* trij3 >O) (4.10) 

The condition (4.9) becomes a partial differential equation with respect 
to the function V3(T, q) which can be solved by the method of undetermined 
coefficients. We shall substitute in (4.9) Qpresslon V,(q, 7) in the form 
(4.3) and we shall not fix beforehand the coefficients Y,,~ of the fun&Ion 
13(5, ro. 

Then, we shall obtain a system of relations (A) conslstlng of: (1) the 

conditions of continuity (4.4), (2) the conditions of positive definiteness 

of eS(r, n) in the form of inequalities imposed on ytj3, (3) linear equa- 

tions with constant coefficents expressing the condition (4.9). 

The stabilization Is guaranteed by the control (2.4) if the coefflcents 

dkpq , pfjpqv Yfj can be chosen such that the system of relations (A) is 

satisfied. Thus, it Is sufficient to consider only the terms of first order 

in (2.4) whereupon we get a family of controllers dependlng on the parameters 
3 

vtl * If the relations (A) cannot be fulfilled because of the coupling, or 

the structure of the system (2.91, then the conditions on yiJ3 must be 

loosened, requiring only that the function p3(5, qf be positive semi-definite 

tt)a(E* q) z 0. Thi s s s em of relations (A') can always be satisfied. Y t It is 

sufficient, for instance, to equate to zero all the coefflcents aikPP enter- 

ing /s(s, n) in (4.81, to take q8 E 0 and to find a sole analytical solu- 

tion for Vs(5, n) . Then It is necessary to consider In (4.5) the set of 

terms corresponding to the next measurement. 

We shall note that for any function Vk(:, q) of the form (4.3) for 
.$ m CO8 6 , n-sine , the equality 

dVk -- 
d0 - 

(4.11) 

is valid everywhere except on the surfaces e = 0 , n = 0 . 

We shall denote by N3 the set consisting of the points of the phase plane 

for which J,(<, q) I 0 (excluding the origin 5 = n * 0) and some nelghbor- 

hood of these points. If *a K 0, Ma consists of the whole surface except 
the origin, If $8 (%, rl) z 0; M, consists of the open domains limited by 

the paths (3.2) infinitely close to these straight lines (3.2) for which 

$3' 0 * Let us consider the set of the fourth order terms In (4.5) 

I*(%, q)= h(%!+? gq+ F4(%9 rl) (4.12) 

We require that for those terms the condition 

f4(%t rt) = - 94(%9 rl) +C4(%a + e2 
(C$ = constf (4.13) 

be satisfied for the set MS . Here #+(5, n) is some function from (3.4), 

the coefficents y:, of which we shall not fix. We shall calculate the 
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integral 2;: 

c4 = c4 (r,;) = -& 5 IF4 (~0s 8, sin e) + 14~ (COS 0, sin e)j de (4.14) 
0 

The lmtegral (4.14) determines the linear relation between cI and the 

parameters v";, for which it is possible to find a solution for the system 

of linear equations obtained when the partial differential equation (4.13) 

is solved by the method of undetermined coefficients. Let us consider the 

function 
a4 = 94 (E, $ - CP (E” + q2Y (4.15) 

which belongs to the class (3.4). The system of relations (B) and (B') are 

obtained from relations (A) and (A') when the functions $s(& n) are replaced 

by the function (p,(r, n) of (4.15) and the linear equations necessary for 

(4.9) by the linear equations determined for (4.13). Thus, the condition of 

sign definiteness or sign.invariab~lity of S, have to be established only 

for the set M3. Since a(<, q) is chosen in the class (3.4), its condi- 

tlon of positiveness on the set M3 requires, according to (3.3) that the 

roots p > 0 of Equation II~(P, 1) = 0 yield positive values to the poly- 

nomial 
@'a(P, 1) = r($+ r,;P+ Y&P2 + r&P3 + r‘$4 

and simultaneously, that the roots p > 0 of Equation $s(ltp) 1: 0 yield 

positive values to the polynomial 

@* (1, P) = TGP4 + Tl$Pp3 + r&p= + Ts"P + r; 

The coefficients fi&,,, rtj and the remaining coefficients a&,, must be 

chosen such that the relations (B) or at least the relations (B') be satis- 

Sled. In the latter case it is necessary to determine the set H, conristimg 

of the neighborhood of the points & for which a(& rl) - 0 f and consider 

the ensemble of the terms of the following measurement and so on. 

With this procedure, we obtain: (2) relations (A), 

orders of (4.5), (ii) relations (B), (B') for the even 

Sunctions in the right-hand side of (4.13) oi’ the form 

(A') for the odd 

orders k I 2~ with 

@k (E, $ = '$k (e;, 9) - ck (E” + $?litk (4.16) 

and (iii) the system of enclosed sets 

(.P>=Ma23&3JV*&.. (4.17) 

The conditions OS sign definiteness (A), (B), or OS sign invariability 
(A'), (3') for the terms of the J&h order in (4.5) are considered on the set 

M k-1 * 

Let us assume that the set M,_, (t is an even number) Includes the whole 

phase plane except the origin of the coordinates; this means that for 3 f k, 

sfi- 1 the Identitles gtr(E, q) = (I)8(& $ s 0 are satisfied. We 

shall determine a system of relations (C) by replacing in the relations (B) 

the conditions of positiveness on the set M,_, by conditions of negativeness. 

The controller will be designed, if an instant comes when after some step 

l> 3 the set Ml is empty, i.e. the relations (A) and (B) are satisfied. 
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Whereupon for the terms of lower order of f:; (c, q) in (4.5), 3 <k < I - 1 
the relations (A') or (B') are fulfilled, and in addition the right-hand 

sides of the noncritical equations of the transformed system for wI= 0 do 

not contain terms of order 
l-_g+r 

s\< r 

(see note 2.1 and Formula (2.14) for PJ = .t - 1) . 

If, for the same conditions for the right-hand sides of the noncritical 

equations, for any possible values of c&,~, @&*, y$ (m < 1) the rela- 

tions (C) are satisfied on the basis of the coupling or the structure of the 

system (4.1), for some 1 > 4 and when the conditions 

for some 3\<k,s<l-1 a re fulfilled, then the stabilization by the 
control (2.4) is not possible 

We shall note that once a first sign Invariable function $k(E,?l)> 0 or 
@k(t,?j)>O has been chosen, we can take the functions $, @ (s)/k + 1) 

;;i.icli LrC2 2 1c.n cl.u1,.1111: itI the phase plane and tal:e nonneC%"Liv'e values 01; 
the sets MS_, (s> k + I). 

The validity of the given statements follows from Liapunov's asymptotic 
stability theorem Cl], Chetaev's instability theorem [2] and the principle 
of reduction for a quasi-analytical system. 

Note 4.1 Let us consider a particular case. Let k>3 be the 
first index in (415) for which the relations (A') or (B') are fulfilled, 
whereupon the function $ (F, q) or %(E, n) Is not identically equal to 
zero. 

We shall assume that if we take 
according to (4.7), there follows 

Vi(E,q)eO in (4.2) for t > k then, 
F +1(Y& q) G 0. We shall denote the men- 

tioned function by (~~(5, n) and we s all x consider the functions 

w = V + o<qk - bEkq (k'odd) (4.18) 

W= V+aftlk'l,---bekrlS, (k even) (4.19) 

where V is the function (4.2) constructed up to the terms of order k . 
The total derivative of the functions (4.18), (4.19) on the basis of EqUa- 
tlons (2.9) can be written In the form 

dw 
-=---‘Pk(~.~)--~~~~k+‘+~kb~~~k-1~B+hka~2[~[k-1-~b~~~k+‘+... dt 

(4.20) 

where 151 = 55+ Is the absolute value of 5 . Whereupon, on the basis of 
the assumptions 
shall have fk+ (E, 

i > k, Fk+, 3 0, and according to 
t 
4.6) we 

not have any 8 erms of order 
the derivative dW/dt in i+;Ci does 

k + 1 except for those written out. 
qk (&tl)>' Is a function of the class (3.1), it can become equal to zero 
only on the straight lines (3.2). Let us suppose that 5 = a,q are those 
straight lines. We shall choose the numbers a, b In (4.18) or (4.19) such 
that the inequality 

be satisfied. 

o-kbIaiIk-l-kkaai~+bIa~Ik+l>O (4.21) 

Then, the set of terms of order (k + 1) of (4.20) Is negative in the 
neighborhood of the straight lines If It is possible to choose 
a and b such that they satisfy si~u;t%o~sly all the inequalities (4.21), 
then It Is not necessary to consider the terma of higher order and thedeaigned 
control stabilizes the system. In particular for a straight line 5 = an 
such a choice of a, b Is possible for any O<lal<oo. 
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5. 
method 
of the 

seoond method. 
of 

The controller (2.4) c8n be designed by using the 
InVestlgatiOn of 131 In connection with an estimate of the sign 

contour Integrals. Thus we obtain 

&/&I =C3FB(g)+C3F3(e)+..., r(O,c)=c, c=const (5.1) 

functions F, 63 (I > 2) 
the coefficients afrpp in (2.4). 

are determined ln sequence and depend on 
Let us formulate the result. 

The 

The stabilization is guaranteed by the control (2.4) If the transformation 
(2.10) Is continuous and the coefficients aikpP are chosen such that after 
some step 12 2 the conditions 

2% 2x 

J, = 
s 

F,(e) deco, Jk= F,(O)dB=O 
s 

(2<k<l--1) (5.2) 
0 0 

are satisfied and that, furthermore, the right-hand sides of the noncritical 
equations of the transformed system for wl= 0 do not eontaln terms of order 
s~(z+i-q++)/r (see (2.14) for N - A). 

If, for any possible aJ on the basis of the coupling or the structure 
of the system (2.91, the c%%tlon J > 0 Is satisfied for some 
Jr= 0 for 2<kgl- 

I>2 and 

(2.4) Is not possible. 
1 then the st&blllzatlon by a control of.the form 

N 0 t e 5.1 . This method can also be used to check for asymptotic 
stability when a control has been preliminary designed by means of a Llapunov 
function having a negative definite derivative. 
(5.2) must be evaluated. 

For that 
Let P> 3 be the Index of (4.5 

urpose the lntegprals 

relations (A') or (B') are fulfilled. 
P for which the 

will be asymptotically stable 
The unperturbed motion c = n = 0 

Independent1 
P - 1 If, and only if the conditions (5.2 3 

of the terms of order higher than 
are fulfilled for some 2QLdP-I. 

6, Ble (+I Let us consider a pendulum In gimbals, having two 
degrees of freedom &d bearing a material sphere which can rotate around the 
arm of the pendulum. It Is required to stabilize asymptotically the equl- 
llbrlum position of the pendulum, using the moment u1 which rotates the 
sphere around the arm and the moment 
(see Flg.1). Let 

ua in one of the planes of oscillation 

de dp df =x1, 0 =xi%> ~=xs, zp =x4, (6.1) 

the 
The equations of motion of the pendulum expressed with the accuracy up to 
4th order terms in the normal form of Oauchy have the form 

dxl 
- = Ul + x1(2’ + -G(3),l 
dt 

dxa -- dt -x1 (6.2) 

dxs -- 
dt - 

- EC* + U(B + 2kxlc + A$@)* ‘2 = z3 (6 31 

4 -=- 
dt q - 2kxIxs + Yfs)* 2 = 4 (6.4) 

Here ul, ua 
the momenta, 

are controls proportional to 

(8 - 2, 3) 
respect to the varlahles 
us (J " I, 2); < and r( are quantities of ihe 
first oeder. 

The variables x1 (t - l,..., 4) of Equa- 
tions (6.2), (6.3) are fully controllable, while the variables 5 , q in 
the first approximation are not controllable and Equation (6.4) has a pair 
of pure Imaginary roots k,,,= f t . The linear controller of the first 

*) This system was suggested for consideration by Krasovskl.1. 



approximation control subsystem can be taken in the form QJ= -221, - z2, 
unp = -2223. 

1. We SeaX%Ih for the COmpkte 8yStem a controller (2.4) of the form 

Uj= Uj"+ Uj 0) + up + .p +. . . (i=I,Z) (6.5) 

where aj(s) is the function of the 8th order of (2.7). 

We ah811 find at the beginning the first order terms of (6.5). We shall 
write the function of the first order from the relation (2.7) 

Zi(lI = piE + qiT) ii = 1, . . . , 4) (6.6) 

where 

Pi = Pof + IA E* + Pa%* + Ps%*?* (6.7) 
and analogously for (I, (t = l,..., 4). From the re uirement of continuity 
of the Llapunov transformation (2.10) and Equation ( .6) we obtain 2 

Pj = Poi + P1'F;rt Qi = d + d% (6.8) 

We shall substitute (6.6) in Equation (2.6), established for the system 
(6.~)~ (6.3, (6.4), and express the terms of first order. 

The necessary condltlons of solvability of the partial differential equa- 
tion (2.6’) with respect to zi(l) have the form 

4s = PX? -A = Q1r % = lJ3; -Po = 48 (6.9 

On the basis of (6.8), (6.9) the quantities pi, 4 must be independent 
from 5,, rl* . Thus, the functions u!l) will be siml~arly independent from 
t,,, I), , I.e. the first order terms of” (6.5) are linear, and one can try to 
determine them, by means of procedure used to investigate the stability In 
analytical case [ 1 to 3, 8 and 93. 

We set ay) S 0, and we shall search for the terms of second order in 
(6.5). We aan also take P,- gt= 0, i.e. The second order function 
from (2.3) is $2) z si%’ + bi&q f C~Q’ (6.10) 

where s b, and aI 
The conditions of continuity of zi 

are functio 8 of c,,, n* of the same form as P, (6.7). 
(8 have the form 

“f = soi + ali%,, ci = c: + cziTj* (6.11) 

We shall substitute (6.10) into Equation (2.6), set for the system (6.21, 
(6.3), f6.4) and we shall express the second order terms. The conditions of 
solvability of the partial differential equation (2.6) with respect to zit2) 
are obtained in the form 

b, = a, = -cl, 2 (cn - az) = b,, b, = us = -c,, 2 (c4 - a,) = b, (6.12) 

From (6.11) and (6.12) we obtain the equalities 

bp E= aI = -cI = Y, b, = a, = -ca = p (6.13) 

where are some numbere. the relations (6.12) and (6.13) are 
lim,%tatxonr% )Ite koefficients of (6.10 

t 
If the functions u.@) are chosen 

ln agreement wlth the choice of xi (2) in ti,.lO), then in all noikritical equa- 
tions, all the terms of second order depending only on S aad q am? elid- 
nated after I&apumvVs transformE&iQL We shall Introduce Expression (6.13) 
*to (6.10) and we shall substitute the obtained fundtlons into (6.4) 

G 
x- %(vf'+ 61Erl-vtla)(ILF"+bserl--ILrlB) c yC5)* 

We take the Llapunov funotlOn 

v = gs + @ - Vu@ (6.15) 

We oostpute the derfvative of (6.15) on the basis of (6.14) and rsqu%rs 
the fulfillment OS the ezqmesalon 
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= - 4kt (VP + h%q - WI”) (PC* + bstrl - W’) = 

= - $5(5, q)= ---T14~4, - ra%qtlrl. -Y&v*E. -744ar1atl. -IQ3K - M5'1. Feiq) 

Since wemusthavn ~$30 (t-b..., 6 in (6.16) and since v and p are 
numbers, then, in order to satisfy ( .16) it is neceseary to take 
Y-.II=r,=r,=r‘=L:r6=r8=o‘ and to aatiaSy the condition 

-4kblb$$” = -ra%Stl’%, (6.13) 

We take aI- ib,= 1 ; subatltutl the found 
values for % 

*, then y,r&k> 0. 
Lnto (6.10) we get from Equation (2.6 some relations "g; 

for the cho&'of “z&j (j = 1 2). The remaining values 
be chosen to satlsSy3the conditions (6.12) In which 

aa, aal a4, o4 must 
We 

shall take for Instance 
b,- f+, be= 1 

a.& = -l/,%,, a, = -'fe, c, = c, = 0 ; then we ibtaln 

U>(2) = I/,%*%* + 2%5%, - ri%%*, u*@f = 'is%" + 2%q - q2 (6.18) 

Taking, according to (4.18), the Liapunov function 

V* = V + u%q6 - b%$ (6.~9) 

we find on the basis of (6.14) that It has a negative definite derivative 
for a-b-1. If we change the terms of fifth order In 
always choose on the basis of (4.21) quantities a 

(6.14 
A 

, we may 

that dV*/dt be ne ative definite. 
and b In ( .19) such, 

in agreement with ( I! 
Consequently, when a control la chosen 

.5), (6.18) the elmpllfled system (6.14) becomes asymp- 
totlcally stable independently of terms of order higher than the fourth. 
The Liavunov transformation is determlned by the contlnuoua functions 
21 = %u%*, z* = -'f~%'%** 23 = %?b z4 = -'Ja%** Carrying out transformat on, we 
get in the noncritical equations terms of the third order Zk%q% ,X,@* in t 
the equations for rl, xs which include the controls u , u. +heasymp- 
totic.stabllity of the simplified system is determined by tellhs of order not 
higher than N - 4 . For our example, g = f = 2 , and according to (2.14) 

order In Equation (2.6), it can be seen that for aI@) = o= u, 
p>,1/4(4 -1- 1- 2 -i- 4)~ 3.5, i.e. P - 4 . Expreaelng the te~~fOthird 

the 
terms of third order In the Sunctlona i, (2.7) are discontinuous; c&se- 
quently the condition (2.15) cannot be applied and it is necessary to sup- 
press the factors 2k%T%*,XI@)* by means of the controls ul, u. . Thus the 
controller 

a1 = --2X, - x, + Ys%e%, + 2%3%, - q*%+ - x,(a)+{%, 3 

U, = ~2x8 + '/a%' + 2%~ - q'- 2k%y%* 

stabilizes the pendulum on the basis OS the complete system of equations. 

2. Stabilization by the controller (2.16). In (6.2), (6.3) and (6.4) we 
shall discard the terms of order higher than the second and We shall subetl- 
tute the functions 

.bq = q (6.20) 

in place of x1 and re in the equations for the critical variables (6.4). 

On the basis of the obtained equations the derivative OS the Liapunov 
function V - Sa+ n3 is always negative 

= - 4k&!3 = - 
4kE,‘q= 

i/W + Ps’ 6o 
(6.21) 

We take the functions 
@+b%tl+crla 

'a= l/ea+Bqla ’ za=PC+$-Qrl (6.~1 

We select the coefficients e+ b, c, P, 9, a, P in (6.22) and the controls 
UlI was of the form (2.16) 80 that after the Llapunov transfomtlon (2.10), 
the noncritical equations (6.2), (6.3) do not contain terms of first order 
depending only on I: , n . This can be obtained, writing for Instance, 
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CI = I?,0 == c = q = 0, p = -1, n = -'fZ and taking the controls 

(6.23) 

Choosing In agreement with (4.18) the Llapunov function Y*-V+v~#-&~, 
It can be verified that the motion r I 
obtained by using the control (6.23)'ln 7 

- 0 of the slmpllfled system 
6.2), (6.3), (6.4), Is asymptotically 

stable, Independently from the terms of order higher than the second. As far 
as the Llapunov transformation (2.10) Is continuous In the present case, we 
ma; r;pl_8y the conditions (2.14) by the condition (2.15), according to which 

we have p >, 'ia (2 + 1 - 2 -I- 2) = I.&, I.e. P-2. Consequently, 
the terms of order higher than the first in noncritical equation do not per- 
turbe the asymptotic stability and the controller (6.23) stabilizes the pen- 
dulum on the basis of the total system of equations. 

The author expresses his gratitude to N.N. Krasovskil for his advice on 

the statement of the problem and his valuabl remarks. 
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